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Material line defects are one-dimensional structures but the search and proof of
electron behaviour consistent with the reduced dimension of such defects has been so
far unsuccessful. Here we show using angle resolved photoemission spectroscopy that
twin-grain boundaries in the layered semiconductor MoSe2 exhibit parabolic metallic
bands. The one-dimensional nature is evident from a charge density wave transition,
whose periodicity is given by kF/pi, consistent with scanning tunneling microscopy and
angle resolved photoemission measurements. Most importantly, we provide evidence
for spin- and charge-separation, the hallmark of one-dimensional quantum liquids. Our
studies show that the spectral line splits into distinctive spinon and holon excitations
whose dispersions exactly follow the energy-momentum dependence calculated by a
Hubbard model with suitable finite-range interactions. Our results also imply that
quantum wires and junctions can be isolated in line defects of other transition metal
dichalcogenides, which may enable quantum transport measurements and devices.
1D electron systems (1DES) are sought for their po-
tential applications in novel quantum devices as well as
for enabling fundamental scientific discoveries in mate-
rials with reduced dimensions. Certainly, 1D electron
dynamics plays a central role in nanoscale materials
physics, from nanostructured semiconductors to (frac-
tional) quantum Hall edge states1,2. Furthermore, it
is an essential component in Majorana fermions3,4 and
is discussed in relation to the high-Tc superconductiv-
ity mechanism5. However, truly 1D quantum systems
that permit testing of theoretical models by probing
the full momentum-energy (k, ω)-space are sparse and
consequently angle-resolved photoelectron spectroscopy
(ARPES) measurements have only been possible on
quasi-1D materials consisting of 2D- or 3D-crystals that
exhibit strong 1D anisotropy6–10.
Electrons confined in one-dimension (1D) behave fun-
damentally different from the Fermi-liquid in higher
dimensions11–13. While there exist various quasi-1D ma-
terials that have strong 1D anisotropies and thus exhibit
1D properties, strictly 1D metals, i.e. materials with
only periodicity in 1D that may be isolated as a single
wire, have not yet been described as 1D quantum liquids.
Grain boundaries in 2D van der Waals materials are es-
sentially 1D and recent DFT simulations on twin grain
boundaries in MoS2
14 and MoSe2
15 have indicated that
those defects should exhibit a single band intersecting
the Fermi level. Therefore, such individual line defects
are exceptional candidates for truly 1D metals.
In the case of quasi-1D Mott-Hubbard insulators
(MHI)16–19, there is strong evidence for the occurrence
of the so called spin-charge separation17,18. Recently,
strong evidence of another type of separation in these
quasi-1D compounds was found, specifically a spin-
orbiton separation with the orbiton carrying an orbital
excitation16.
The theoretical treatment of MHI is easier compared
to that of the physics of 1D metals. The ground state of
a MHI has no holons and no spinons and the dominant
one-electron excited states are populated by one holon
and one spinon, as defined by the Tomonaga Luttinger
liquid (TLL) formalism12. For 1DES metals the scenario
is however more complex, as the holons are present in
both the ground and the excited states. Zero spin-density
ground states have no spinons. Consequently, the exper-
imental verification of key features of 1DES, especially
the spin-charge separation, remains still uncertain6,20–22.
The theoretical description of 1DES low-energy exci-
tations in terms of spinons and holons, based on the TLL
formalism, has been a corner stone of 1D electron low-
energy dynamics12. The rather effective approximation
of the relation of energy versus momentum in 1D fermions
by a strictly linear dispersion relation, makes the prob-
lem accessible and solvable, by calculating analytically
the valuable many-body low-energy dynamics of the sys-
tem. This drastic assumption has provided an effective
tool to describe low-energy properties of 1D quantum liq-
uids in terms of quantized linear collective sound modes,
named spinons (zero-charge spin excitations) and holons
(spinless charge excitations), respectively. However, this
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2dramatic simplification is only valid in the range of low-
energy excitations, very close to the Fermi level.
More recently, sophisticated theoretical tools have
been developed that are capable to extend this descrip-
tion to high-energy excitations away from the Fermi-
level13,23–28. Particularly, the pseudofermion dynami-
cal theory (PDT)24–27 allows to compute one-particle
spectral functions in terms of spinon and holon fea-
tures, in the full energy versus momentum space ((k, ω)-
plane). The exponents controlling the low- and high-
energy spectral-weight distribution are functions of mo-
menta, differing significantly from the predictions of
the TLL if applied to the high-energy regime23–27. To
the best of our knowledge, while other theoretical ap-
proaches, beyond the TLL limit, have also been recently
developed13,28, no direct photoemission measurements of
spin-charge separation in a pure metallic 1DES has been
reported so far. Even more important, a theoretical 1D
approach with electron finite-range interactions entirely
consistent with the photoemission data in the full en-
ergy versus momentum space has never been reported
before11,12,29.
Here we present a description of the non-Fermi liquid
behaviour of a metallic 1DES with suitable finite-range
interactions over the entire (k, ω)-plane that matches the
experimentally determined weights over spin- and charge-
excitation branches. This has been accomplished by car-
rying out the first ARPES study of a 1DES hosted in an
intrinsic line defect of a material and by developing a new
theory taking electron finite-range interactions within an
extended 1D Hubbard model into account.
The mirror twin boundaries in a monolayer transition
metal dichalcogenide30,31 are true 1D line defects.
They are robust to high temperatures and atmospheric
conditions, thus making them a promising material
system, which is amendable beyond ultra high vacuum
investigations and useful for potential device fabrica-
tion. Previously, the structural properties of these line
defects have been studied by (scanning) transmission
electron microscopy15,30–32 and by scanning tunnelling
microscopy (STM) and tunnelling spectroscopy33–35.
Results
Line defect characterisation. Fig. 1 shows STM
results of the mono- to bilayer MoSe2 grown on a MoS2
single crystal substrate. Three equivalent directions for
the MTBs are observed in the hexagonal MoSe2 crystal.
The high density of these aligned line defects in MoSe2
30
provides a measurable ARPES signal for this 1DES and
thus enables the ω(k) characterisation of this line defect.
Peierls transition in MoSe2 grain boundary.
For metallic 1D structures, an instability to charge
density wave (CDW) is expected (see additional dis-
cussion in the supplementary Note 1), which has been
previously reported for MoSe2 grain boundaries by low
temperature STM studies35. The CDW in MTBs gives
rise to a tripling of the periodicity, as can be seen in
the low temperature-STM images shown in Fig. 2 (a)
and (b). The CDW in 1D metals is a consequence of
electron-phonon coupling. The real-space periodicity
of the CDW is directly related to a nesting of the
Fermi wavevector, as schematically shown in Fig. 2
(c). ARPES measurements of the Fermi-surface can
thus directly provide justification for the periodicity
measured in STM, which is shown below. In addition,
the CDW transition is a metal-insulator transition
and thus changes in the sample resistance occur at
the CDW transition temperature. Fig. 2 (d) shows a
4-point measurement with macroscopic contacts on a
continuous mono- to bi-layer film (as shown in Fig. 1
(c)). Clear jumps in the resistance are observed for
three different samples at ∼ 235 K and ∼ 205 K, which
are attributed to an incommensurate and commensurate
CDW transitions, respectively. The drop in resistance
at lower T is assigned to a depinning of the CDW from
defects and so-called CDW sliding. CDW sliding is
a consequence of the applied potential rather than a
specific temperature.
In order to study a stable, gapless, 1DES, we determine
the spectral weight together with the energy dispersion in
momentum space, by performing ARPES measurements
at room temperature, which is well above the CDW tran-
sition temperature. This is done on samples consisting
predominantly of monolayer MoSe2 islands, as shown in
the supplementary Figure 1. Fig. 3 and supplementary
Figure 2 illustrate the Fermi surface of 1D metals, con-
sisting of two parallel lines, separated by 2kF, in the ab-
sence of interchain hopping. Because of the three equiv-
alent real space directions of the MTBs in our sample,
super-positioning of three rotated 1DES results in star-
shaped constant energy surface in reciprocal space, as
shown in Fig. 3 and supplementary Note 1. In the three
cases, a perfect nesting is noticeable, namely one com-
plete Fermi sheet can be translated onto the other by a
single wave vector ±2kF.
Even more important, by using high energy and
momentum resolution ARPES, the Fermi-wave vec-
tor could be precisely determined, giving a value of
kF = 0.30 ± 0.02 A˚−1, which is about 1/3 of the
BZ-boundary at pi/aMoSe2 . Hence a band filling of
n = 2/3 has been experimentally obtained. The Fermi-
wavevector also gives a direct prediction of the CDW
periodicity of pi/kF = 10.5 ± 0.7 A˚, which is in good
agreement with 3×aMoSe2 measured in STM (see Fig. 2).
Spin charge separation. While the perfect nest-
ing conditions in 1D metals predicts a CDW transition,
its occurrence is no proof for 1D electron dynamics. For
obtaining evidence of 1D electron dynamics, a detailed
analysis of the spectral function and its consistency
with theoretically predicted dispersions need to be
demonstrated. The photoemission spectral function of
the 1D state is shown in Figs. 3 (e) and (f). Without
any sophisticated analysis and considering only the raw
ARPES data, it is evident that the experimental results
3are in complete disagreement with the single dispersing
band predicted by ground state DFT simulations15,35.
Effectively, our data cannot be fit with a single disper-
sion branch (see also supplementary Figure 4 and the
supplementary Note 2 for an analysis of the raw data in
terms of energy distribution curves (EDC), momentum
distribution curves (MDC) and lifetime.)
Using data analysis that applies a curvature procedure
to raw data36, as commonly used in ARPES, the experi-
mental band dispersions in the full energy versus momen-
tum space show two clear bands that exhibit quite dif-
ferent dispersions. We provisionally associate, which our
theoretical results confirms below, the upper and lower
dispersion with the spinon and the holon branch, respec-
tively. Manifestly, the spin mode follows the low-energy
part of the 1D parabola, whereas the charge mode prop-
agates faster than the spin mode. The extracted exper-
imental velocity values are vh= 4.96 × 105ms−1 and vs
= 4.37 × 105ms−1, revealing a ratio vh/vs of the order
of ≈ 0.88. Notice that these states lie entirely within
the band gap of the MoSe2 monolayer whose VBM is lo-
cated at 1.0 eV below the Fermi-level, see supplementary
Figure 3.
DFT simulations cannot predict the electron removal
spectrum of the 1D electron dynamics. Thus the single
dispersing band obtained in previous DFT simulations
for this system is not expected to be consistent with
the experiment. However, the single-band DFT results
indicate that the electron dynamics behaviour can be
suitably described by a single band Hubbard model
and associated PDT. The PDT is a method that has
been originally used to derive the spectral function of
the 1D Hubbard model in the vicinity of high-energy
branch-line singularities24–27. It converges with TLL
for low energies37. As reported below, here we use a
renormalized PDT (RPDT) because the conventional
1D Hubbard does not include finite-range interactions.
Low energy properties and TLL electron in-
teraction strength. Critical for calculating the
spectral functions with RPDT is the knowledge of
the electron interaction strength, which needs to be
determined experimentally. Since very close to the Fermi
level, in the low-energy excitations limit, the RPDT
converges to the TLL theory, we have evaluated the
photoemission weight in the vicinity of the Fermi-level in
accordance to TLL theory. A decisive low-energy prop-
erty of 1D metals is, according to that theory12,38, the
suppression of the DOS at the Fermi-level, whose power
law exponent is dependent on the electron interaction
range and strength. Fig. 4 shows the angle integrated
photoemission intensity, which is proportional to the
occupied DOS, as a function of energy for the 1DES. It
is compared to the photoemission from a gold sample
under the same conditions. The suppression of the DOS
for the 1D defects compared to Au is apparent in Fig. 4
(a).
According to the TLL scheme, the suppression of
DOS follows a power law dependence whose exponent
is determined by the electron interaction strength and
range in the 1D system. An exponent of ∼ 0.8 is
extracted from a log-plot shown in Fig. 4 (b). A refined
fitting for the exponent α that takes the temperature
into account39 reveals that the data are best reproduced
for α between 0.75 and 0.80 (Fig. 4 (c)). The charge
TLL parameter Kc, which provides information on the
range of the electron interaction29, is related to α by
α = (1 −Kc)2/4Kc. Hence Kc has values between 0.20
and 0.21.
Comparison of experiment to the theoretical
model. Within the 1D Hubbard model with on-site
repulsion U and hopping integral t, the charge TLL
parameter Kc and related exponent α values should
belong to the ranges Kc ∈ [1/2, 1] and α ∈ [0, 1/8],
respectively. However, our experimental values are in
the ranges Kc ∈ [0.20, 0.21] and α ∈ [0.75, 0.80], which
is an unmistakable signature of electron finite-range
interactions and therefore our system cannot be studied
in the context of the conventional 1D Hubbard model29.
Consequently, we have developed a new theoretical
scheme that successfully includes such interactions. As
justified below in the Methods section, the corresponding
RPDT specifically relies on the spectral function near
the branch lines of the non-integrable 1D Hubbard
model with finite-range interactions being obtained from
that of the integrable 1D Hubbard model PDT24–27
upon suitably renormalising its spectra and phase shifts.
The renormalisation using the PDT approach has two
steps. The first refers to the U value, which loses
its onsite-only character and is obtained upon match-
ing the +experimental band spectra with those obtained
within the 1D Hubbard model for n = 2/3, leading to
U = 0.8 t. Indeed, the ratio Wh/Ws of the observed
c band (holon) and s band (spinon) energy bandwidths
Wh = εc(2kF) − εc(0) and Ws = εs(kF) − εs(0), respec-
tively, is achieved for that model at U/t = 0.8. (The
energy dispersions εc(q) for q ∈ [−pi, pi] and εs(q′) for
q′ ∈ [−kF, kF] and the related γ = c, c′, s exponents
ζ˜γ(k) considered in the following are defined in more
detail in the Methods section.) This renormalisation
fixes the effective U value yet does not affect t. The
corresponding c and c′ (holon) and s (spinon) branch
lines spectra ωc(k) = εc(|k| + kF) for k ∈ [−kF, kF],
ωc′(k) = εc(|k|−kF) for ∈ [−3kF, 3kF] and ωs(k) = εs(k)
for k ∈ [−kF, kF] are plotted in Figs. 5 (d)-(f) and sup-
plementary Figure 5. An important difference relative
to the n = 1 Mott-Hubbard insulating phase is that for
the present n = 2/3 metallic phase the energy band-
width Wc = εc(pi) − εc(2kF) does not vanish. That the
renormalisation does not affect t stems from a symme-
try that implies that the full c band energy bandwidth is
independent of both U and n and reads Wh + Wc = 4t.
Hence Wh = 4t for the Mott-Hubbard insulator whereas
Wh < 4t for the metal. Combining both the value of the
ratio Wh/Wc for the 1D Hubbard model at U/t = 0.8
4and n = 2/3 and the exact relation Wh + Wc = 4t with
analysis of Fig. 5 (d)-(f), one uniquely finds t ≈ 0.58
eV. The parameter α is here denoted by α0 for the 1D
Hubbard model. It reads α0 = (2 − ξ2c )/(8ξ2c ) ∈ [0, 1/8]
with α0 = 0 for U/t → 0 and α0 = 1/8 for U/t → ∞
where ξc =
√
2Kc is a superposition of pseudofermion
phase shifts. (See Methods.)
The second step of the renormalisation corresponds to
changing the ξc and phase shift values so that the pa-
rameter α = (2 − ξ˜2c )2/(8ξ˜2c ) has values in the range
α ∈ [α0, αmax] where α0 ≈ 1.4 × 10−3 for U/t = 0.8
and n = 2/3. As justified in the Methods section,
αmax = 49/32 ≈ 1.53. The effect of increasing α at fixed
finite U/t and n from α0 to 1/8 is qualitatively different
from that of further increasing it to αmax. As discussed
in that section, the changes in the (k, ω) plane weight
distribution resulting from increasing α within the lat-
ter interval α ∈ [1/8, αmax] are mainly controlled by the
finite-range interactions.
For U/t = 0.8, n = 2/3 and T = 0 the one-electron
spectral function of both the conventional 1D Hub-
bard model (α = α0) and corresponding model with
finite range interactions (α ∈ [α0, αmax]) consists of
a (k, ω)-plane continuum within which well-defined
singular branch lines emerge. Most of the spectral
weight is located at and near such singular lines. Near
them, the spectral function has a power-law behaviour
characterised by negative k dependent exponents. At
T ≈ 300 K such singular lines survive as features display-
ing cusps. Our general renormalisation procedure leads
to a one-electron spectral function expression that for
small deviations (ωγ(k) − ω) > 0 from the finite-energy
spectra ωγ(k) of the γ = c, c
′, s branch lines plotted in
Fig. 5 (d), (e) and (f) reads, B(k, ω) ∝ (ωγ(k)− ω)ζ˜γ(k)
for α ∈ [α0, αmax]. The singular branch lines correspond
to the γ = c, c′, s lines k ranges for which their exponents
ζ˜γ(k) are negative. As confirmed and justified in the
Methods section, for U/t = 0.8, n = 2/3 and t = 0.58 eV
there is quantitative agreement with the (k, ω)-plane
ranges of the experimentally observed spectral function
cusps for α ∈ [0.75, 0.78]. This is fully consistent with
the α experimental uncertainty range α ∈ [0.75, 0.80].
The three γ = c, c′, s exponents momentum dependence
for both the 1D Hubbard model with finite-range
interactions corresponding to α = 0.78 (full lines)
and the conventional 1D Hubbard model for which
α = α0 ≈ 1.4 × 10−3 (dashed-dotted lines) is plotted in
Figs. 5 (a), (b) and (c).
Discussion
The astonishing agreement of the theoretical calculations
with finite range interactions over the entire (k, ω)-plane
provides strong evidence for the assignment of the two
spectral branches observed in the experiments to spin
charge separation in a 1D metal. Despite this agree-
ment, alternative explanations for the photoemission
spectrum should be noted. Strongly asymmetric line
shapes in photoemission spectra have been reported
and thus an assignment of the cusps to yet unknown
line-shape effects in 1D materials cannot be entirely
excluded. However, the accurate prediction of the
continuum between the cusp lines and the fit of the c
and s branch-line dispersions by the 1D Hubbard model
with finite range interactions makes alternative effects
unlikely to reproduce exactly such spectral features.
Concerning the DOS at the Fermi level, our measure-
ments clearly show a suppression of the DOS that can
be fit with a power law behaviour. DOS suppression has,
however, also been observed due to final-state pseudo-
gap effects in nanostructures40,41. While it is difficult to
exclude such effects categorically, the expected 1D na-
ture of the line defects and thus the breakdown of Fermi-
liquid theory requires application of TLL, as has been
applied to other (quasi) 1D systems in the past6,38,42,
to interpret photoemission intensity at the Fermi level.
Certainly, obtaining the same exponent α for the power
law behaviour of TLL from the experimental fit of the
DOS and the spectral features of the 1D Hubbard model
with finite range interactions support the assignment of
the DOS suppression at the Fermi-level to TLL effects.
We have presented a detailed experimental analysis
of the electronic structure of a material line defect by
angle resolved photoemission. High density of twin
grain boundaries in epitaxial monolayer MoSe2 could be
analyzed by angle resolved photoemission spectroscopy.
This enabled us to accurately determine the Fermi sur-
face and demonstrate the CDW observed in this material
is a consequence of Fermi wave vector nesting. Both the
suppression of DOS at the Fermi level as well as broad
spectral features with notable cusps are in agreement
with 1D electron dynamics. While the low-energy spec-
tra are described by TLL, the dispersion of the cusps in
the full energy versus momentum space in high-energy
range could be only accurately reproduced by a 1D
Hubbard model with suitable finite range interactions.
Consequently, the cusps could be interpreted as spin-
and charge- separation in these 1D metals. The accurate
description of the experiment by RPDT calculations
allows us to go beyond the low energy restriction of TLL,
showing that the exotic 1D physics is valid for both
low- and high-energy, with non-linear band dispersions
and broad momentum values. Unlike other systems
that only exhibit strong 1D anisotropy, the intrinsic line
defects in TMDs have no specific repetition length and
can thus be viewed as true 1D structures. Moreover,
isolated twin grain boundaries of micrometer length
have been recently reported in CVD-grown TMDs31,
which can be envisaged as remarkable candidates for
quantum transport measurements on isolated 1D metals.
Furthermore, 2D materials can be gated and this will
exert control of transport properties of these quantum
wires.
Methods
Sample preparation. Monolayer MoSe2 islands were
grown by van der Waals epitaxy by co-deposition of
5atomic Se from a hot wall Se-cracker source and Mo
from a mini-e-beam evaporator. The MoS2 single crystal
substrate was a synthetically grown and cleaved in air
before introducing into the UHV chamber where it was
outgassed at 300◦C for 4 hours prior to MoSe2 growth.
Mo has been deposited in a selenium rich environment
at a substrate temperature of ∼ 300-350◦C. The MoSe2
monolayer was grown slowly with a growth rate of ∼
0.16 monolayers per hour. While the detailed mechanism
for the formation of MTBs during MBE growth is not
completely understood, it has been noted that the
structure shown in Fig. 1 (a) is deficient in chalcogen
atoms, i.e. the grain boundary has a stoichiometry of
MoSe embedded in the MoSe2 matrix. Computational
studies have shown that MTBs are thermodynamically
favoured over the formation of high density of individ-
ual chalcogen vacancies15 and this may explain their
presence in MBE grown samples. These samples were
investigated by RT STM in a surface analysis chamber
connected to the growth chamber. Additional charac-
terisation by VT-STM and ARPES were performed by
transferring the grown samples in a vacuum suitcase to
the appropriate characterisation chambers. In addition,
air-exposed samples were characterised by ARPES.
After vacuum annealing to ∼ 300◦C, the ARPES results
were indistinguishable to the in vacuum transferred
samples indicating the stability of the material in air
against oxidation and other degradation. The stability
of the sample also enables the four-point transport
measurements described below.
ARPES measurements. Micro-ARPES measure-
ments were performed at the ANTARES beamline at
the SOLEIL synchrotron. The beam spot size was ∼ 120
µm. The angular and energy resolution of the beamline
at a photon energy of 40 eV are ∼ 0.2◦ and ∼ 10 meV,
respectively. Most of the data were collected around
the Γ-point of the second Brillouin zone, corresponding
to an emission angle of 42.5◦ degrees with respect to
the surface normal, for photon energy of 40 eV. Both
left and right circular polarized light as well as linear
polarized light was used. The photon-incident angle on
the sample was normal incidence. For circular polarized
light photoemission from all MTBs is obtained. Emission
from a single MTB direction could be enhanced with
linear polarized light and the A-vector parallel to the
surface. For azimuth rotation with the A-vector aligned
to the direction of one MTB enhanced emission from
this direction was obtained as shown in Fig. 3 (c). All
data shown here were obtained at 300 K.
Broadening of the ARPES spectral function
and lifetime analysis. As it has already been reported
in previous ARPES studies (see for instance Fig. 5 of
Ref.17), the lifetime of a Fermi-liquid quasi-particle,
τ(k), can be directly determined from the width of the
peak in the energy distribution curves (EDC), analysing
the ARPES data defined by the spectral weight at fixed
k as a function of ω, where ω is the energy. Specifically,
1/τ(k) = ∆ω . (1)
The consistency of a Fermi-liquid picture can be also
checked by studying the momentum distribution curves
(MDC), i.e., from the momentum width ∆k of the spec-
tral function peak at fixed binding energy, ω. As long as
the Fermi-liquid quasi-particle excitation is well defined,
(i.e., the decay rate is small compared to the binding en-
ergy), the energy bandwidth and momentum width are
related as,
∆ω = vF ∆k . (2)
Here vF is the renormalized Fermi velocity, which can
be directly measured using high energy and momentum
resolution ARPES. Due to the separation of charge and
spin, one hole (or one electron) is always unstable to de-
cay into two or more elementary excitations, of which one
or more carries its spin and one or more carries its charge.
Then elementary kinematics implies that, at T= 0, the
spectral function is nonzero only for negative frequencies
such that,
|ω| ≤ min(vc, vs)|k| , (3)
where vc and vs are the charge and spin velocity, respec-
tively. This analysis procedure is described in Figure 6,
where the spectral function particularly at ω values be-
tween 0.40 eV up to 0.95 eV shows a continuum, which is
valid for all momentum k values that fit Eq. (3). MDC
and EDC plots are sensitive to this detachment of the
system with respect to a conventional Fermi-liquid quasi-
particle behaviour.
This type of analysis, based on the shape of EDC
and MDC plots, is also well explained by Emery et
al. (see Fig. 2 and Fig. 3 of Ref. [5]). In Fig. 6 we
present the results of a similar analysis. As it is shown
in panels (d) and (e), the MDC and EDC cuts of the
raw data at different binding energies and momentum,
respectively, show a clear enlargement of the lifetime
that can be extracted from the ARPES data. However,
this experimental value is just proportional to various
interaction strengths. This approximative methodology
of the nature and magnitude of the present interactions
can be improved by using more sophisticate theoretical
approaches as the one reported in the present manuscript.
PDT as starting point of our theoretical method.
The method used in our theoretical analysis of the
spin-charge separation observed in the 1D quantum-line
defects of MoSe2 was conceived for that specific goal. It
combines the pseudofermion dynamical theory (PDT)
for the 1D Hubbard model24,27,37 with a suitable
renormalisation procedure.
On the one hand, the 1D Hubbard model range α0 ∈
[0, 1/8] corresponds to the intervals Kc ∈ [1/2, 1] and
ξc ∈ [1,
√
2] of the TLL charge parameter12,29,43 and the
6related parameter ξc =
√
2Kc. On the other hand, the
range α ∈ [0.75, 0.78] for which the renormalised the-
ory is found to agree with the experiments implies that
K˜c = 1 + 2α− 2
√
α(1 + α) and ξ˜c =
√
2K˜c have values
in the ranges K˜c ∈ [0.20, 0.21] and ξ˜c ∈ [0.63, 0.65], re-
spectively. Here K˜c and ξ˜c is our notation for the TTL
charge parameter and related parameter, respectively, in
the general case when they may have values within the
extended intervals K˜c ∈ [1/8, 1] and thus ξ˜c ∈ [1/2,
√
2].
The minimum values K˜c = 1/8 and ξ˜c = 1/2 follow from
corresponding phase-shift allowed ranges. (Below the re-
lation of ξ˜c to phase shifts is reported.) The above ex-
perimental subinterval K˜c ∈ [0.20, 0.21] belongs to the in-
terval K˜c ∈ [1/8, 1/2] for which the electron finite-range
interactions must be accounted for29.
In the case of the conventional 1D Hubbard model,
the PDT was the first approach to compute the spectral
functions for finite values of U/t near singular lines at
high energy scales beyond the low-energy TLL limit24.
(In the low-energy limit the PDT recovers the TLL
physics37.) After the PDT was introduced for that in-
tegrable model, novel methods that rely on a mobile
impurity model (MIM) approach have been developed
to tackle the high-energy physics of both non-integrable
and integrable 1D correlated quantum problems, also be-
yond the low-energy TLL limit13,28,44,45. The relation
between the PDT and MIM has been clarified for a sim-
pler model46, both schemes leading to exactly the same
momentum dependent exponents in the spectral func-
tions expressions. Such a relation applies as well to more
complex models. For instance, studies of the 1D Hub-
bard model by means of the MIM44,45 lead to exactly the
same momentum, interaction, and density dependence as
the PDT for the exponents that control the one-electron
removal spectral function near its branch lines.
For integrable models, in our case the 1D Hubbard
model, there is a representation in terms of elementary
objects called within the PDT c and s pseudofermions for
which there is only zero-momentum forward-scattering at
all energy scales. The c and s bands momentum values
are associated with the 1D Hubbard model exact Bethe-
ansatz solution quantum numbers. The c pseudofermion
and the s pseudofermion annihilated under transitions
from the N electron ground state to the N − 1 elec-
tron excited states refer to the usual holon and spinon,
respectively12,13,43.
That for the pseudofermions there is only zero-
momentum forward-scattering at all energy scales,
follows from the existence of an infinite number of conser-
vation laws associated with the model integrability47,48.
This means that in contrast to the model underlying
electron interactions, the pseudofermions, upon scat-
tering off each other only acquire phase shifts. Hence
under their scattering events there is no energy and
no momentum exchange, on the contrary of the more
complex underlying physical particles interactions. In
the vicinity of well-defined (k, ω)-plane features called
branch lines, the T = 0 spectral functions of integrable
1D correlated models are of power-law form with nega-
tive momentum dependent exponents. Such properties
apply to all integrable 1D correlated models.
Universality behind our method renormali-
sation procedures. In the case of non-integrable
1D correlated models, there is no pseudofermion rep-
resentation for which there is only zero-momentum
forward-scattering at all energy scales. This is due to
the lack of an infinite number of conservation laws. The
universality found in the framework of the MIM for the
spectral functions of non-integrable and integrable 1D
models13,28 refers to specific energy scales corresponding
to both the low-energy TLL spectral features and energy
windows near the high-energy non-TLL branch lines
singularities. In the vicinity of these lines, the T = 0
spectral functions of non-integrable 1D correlated mod-
els are also of power-law form with negative momentum
dependent exponents.
This universality means that at both these energy
scales there is for such models a suitable representa-
tion in terms of pseudofermions that undergo only zero-
momentum forward-scattering events and whose phase
shifts control the spectral functions behaviours. Our
renormalisation scheme for adding electron finite-range
interactions to the 1D Hubbard model and corresponding
PDT relies on this universality. Indeed, the finite-range
interactions render the model non-integrable. However,
in the vicinity of the branch lines singularities the spec-
tral function remains having the same universal be-
haviour. Our normalisation procedure can be used for
any chosen α value in the range α ∈ [α0, αmax]. Here
α0 ∈ [0, 1/8] is the conventional 1D Hubbard model
α value for given U/t and electronic density n values.
For the U/t = 0.8 and n = 2/3 values found within
our description of the 1D quantum-line defects of MoSe2
it reads α0 ≈ 1.4 × 10−3. The maximum α value
αmax = 49/32 = 1.53125 refers through the relation
α = (1 − K˜c)2/4K˜c and thus α = (2 − ξ˜2c )2/8ξ˜2c to the
above minimum values K˜c = 1/8 and ξ˜c = 1/2.
The renormalisation of the conventional 1D Hubbard
model used in our studies refers to some 1D Hamiltonian
with the same terms as that model plus finite-range inter-
action terms. The latter terms are neither a mere first-
neighbouring V term nor a complete long-range Coulomb
potential extending over all lattice sites. Interestingly,
the specific form of the additional finite-range interaction
Hamiltonian terms is not needed for our study. This fol-
lows from the above universality implying that both for
the low-energy TLL limit and energy windows near the
high-energy branch lines singularities of the 1D Hubbard
model with finite-range interactions under consideration
the relation of α to the phase shifts remains exactly the
same as for the conventional 1D Hubbard model.
Importantly, the only input parameters of our renor-
malisation procedure are the effective U and transfer
integral t values for which the theoretical branch lines
7energy bandwidths match the corresponding experimen-
tal bandwidths. Apart from the 1D quantum-line defects
band-filling n = 2/3, our approach has no additional
“fitting parameters”.
The spectra in terms of pseudofermion energy
dispersions. Within the PDT for the 1D Hubbard
model24–27, nearly the whole electron removal spectral
weight is in the metallic phase originated by two ι = ±1
excitations generated from the ground state by removal
of one c pseudofermion of momentum q ∈ [−2kF, 2kF]
and one s pseudofermion of momentum q′ ∈ [−kF, kF].
The superposition in the (k, ω)-plane of the spectral
weights associated with the corresponding two ι = ±1
spectra generates the multi-particle continuum. Such
ι = ±1 spectra are of the form,
ω(k) = εc(q) + εs(q
′) ≤ 0
k = −ι 2kF − q − q′ , ι = ±1 . (4)
They are two-parametric, as they depend on the two in-
dependent c and s bands momenta q and q′, respectively.
Hence such spectra refer to two-dimensional domains in
the (k, ω)-plane. They involve the energy dispersion
εc(q) whose c momentum band interval is q ∈ [−pi, pi]
and whose ground-state c pseudofermion occupancy is
q ∈ [−2kF, 2kF] and the dispersion εs(q′) whose s mo-
mentum band range is q′ ∈ [−kF, kF], which is full in the
present zero spin-density ground state, are defined below.
The multi-particle continuum in the one-electron re-
moval spectral function that results from the superpo-
sition of the spectral weights associated with the two
ι = ±1 spectra contains three branch lines that dis-
play the cusps: two c, ι branch lines and a s branch line.
The c, ι branch lines result from processes for which the
removed c pseudofermion has momentum in the range
q ∈ [−2kF, 2kF] and the removed s pseudofermion has
momentum q′ = −ιkF = ∓kF. Hence the excitation
physical momentum is k = −ι kF − q = ∓kF − q. The s
branch line results from removal of one c pseudofermion
of momentum q = −ι 2kF = ∓2kF. The removed s pseud-
ofermion has momentum in the interval q′ ∈ [−kF, kF].
The physical momentum is then given by k = −q′.
It is convenient to redefine the two c, ι branch lines in
terms of related c and c′ branch lines. The spectra of
the c, c′, and s branch lines are plotted in Figs. 5 (d),
(e) and (f) for U/t = 0.8, t = 0.58 eV and electronic
density n = 2/3. On the one hand, the c branch line
results from processes relative to the ground state that
involve removal of one c pseudofermion with momentum
belonging to the ranges q ∈ [−2kF,−kF] and q ∈ [kF, 2kF]
and removal of one s pseudofermion with momentum q′ =
−ι kF for ι = sgn{k}. The c branch line spectrum then
reads,
ωc(k) = εc(|k|+ kF)
k = −sgn{k}kF − q ∈ [−kF, kF] . (5)
On the other hand, the c′ branch line is generated by re-
moval of one c pseudofermion with momentum belonging
to the ranges q ∈ [−2kF, kF] and q ∈ [−kF, 2kF] and re-
moval of one s pseudofermion with momentum q′ = −ι kF
for ι = −sgn{k}. Its spectrum is given by,
ωc′(k) = εc(|k| − kF)
k = sgn{k}kF − q ∈ [−3kF, 3kF] . (6)
The s branch line spectrum reads,
ωs(k) = εs(k)
k = −q′ ∈ [−kF, kF] . (7)
The dispersions εc(q) and εs(q
′) appearing in these
equations are uniquely defined by the following equations
valid for U/t > 0 and electronic densities n ∈ [0, 1],
εc(q) = ε¯c(k(q)) for q ∈ [−pi, pi]
εs(q
′) = ε¯s(Λ(q′)) for q′ ∈ [−kF, kF] ,
ε¯c(k) =
∫ k
Q
dk′ 2t ηc(k′) for k ∈ [−pi, pi]
ε¯s(Λ) =
∫ Λ
∞
dΛ′ 2t ηs(Λ′) for Λ ∈ [−∞,∞] . (8)
Here the distributions 2t ηc(Λ) and 2t ηs(Λ) are the
unique solutions of coupled integral equations given in
supplementary Equations (1) and (2).
The q and q′ dependence of the dispersions εc(q) and
εs(q
′) occurs through that of the momentum rapidity
function k = k(q) for q ∈ [−pi, pi] and spin rapidity func-
tion Λ = Λ(q′) for q′ ∈ [−kF, kF], respectively. Those
are defined in terms of their inverse functions q = q(k)
for k ∈ [−pi, pi] and q′ = q′(Λ) for Λ ∈ [−∞,∞] in the
supplementary Equations (3) and (4). The distributions
2piρ(k) and 2piσ(Λ) in their expressions are the unique
solutions of the coupled integral equations provided in
supplementary Equations (5) and (6).
Spectral function within the conventional
1D Hubbard model. Within the PDT for the 1D
Hubbard model24–27, the spectral weight distributions
are controlled by the set of phase shifts ±2piΦβ,β′(q, q′)
acquired by the β = c and β = s pseudofermions with
momentum q upon scattering off each β′ = c and β′ = s
pseudofermion with momentum q′ created (+) or annihi-
lated (−) under the transitions from the ground state to
the excited energy eigenstates. (In contrast to otherwise
in this section, here the momentum values q and q′
are not necessarily those of c and s pseudofermions,
respectively.)
The expressions of the momentum dependent expo-
nents that control the line shape in the vicinity of
the γ = c, c′, s branch lines involve phase shifts whose
β = c, s pseudofermions have momentum at the cor-
responding Fermi points, ±qFc = ±2kF and ±qFs =
±kF. This includes phase shifts 2piΦβ,β′(ιqFβ , ι′qFβ′) =
−2piΦβ,β′(−ιqFβ ,−ι′qFβ′), where ι = ±1, ι′ = ±1, ac-
quired by such β = c, s pseudofermions upon scatter-
ing off β′ = c, s pseudofermions of momentum also at
8Fermi points annihilated under the transitions from the
N electron ground state to the N − 1 excited states.
Furthermore, such exponents expressions also involve
phase shifts −2piΦβ,c(qFβ , q) = 2piΦβ,c(−qFβ ,−q) and
−2piΦβ,s(qFβ , q′) = 2piΦβ,s(−qFβ ,−q′) acquired by the
same β = c, s pseudofermions upon scattering off β′ = c
and β′ = s pseudofermions of momentum q ∈ [−2kF, 2kF]
and q′ ∈ [−kF, kF], respectively, annihilated under such
transitions.
For energy windows corresponding to small energy de-
viations (ωγ(k)−ω) > 0 from the high-energy γ = c, c′, s
branch-line spectra ωc(k) = εc(|k|+kF) for k ∈ [−kF, kF],
ωc′(k) = εc(|k| − kF) for k ∈ [−3kF, 3kF] and ωs(k) =
εs(k) for k ∈ [−kF, kF], Eqs. (5)-(7), the electron re-
moval spectral function has within the PDT the universal
form25–27,37,
B(k, ω) ∝ (ωγ(k)− ω)ζγ(k) for γ = c, c′, s . (9)
The exponents in this general expression are for U/t >
0 and electronic densities n ∈ [0, 1] given in terms of
pseudofermion phase shifts in units of 2pi by,
ζc(k) = −1
2
+
∑
ι=±1
(
ξc
4
+ sgn{k}Φc,c(ι2kF, q)
)2
k = ∈ [−kF, kF] ,
q = −sgn{k}kF − k ∈ [−2kF,−kF] ; [kF, 2kF] ,
ζc′(k) = −1
2
+
∑
ι=±1
(
ξc
4
− sgn{k}Φc,c(ι2kF, q)
)2
k = ∈ [−3kF, 3kF] ,
q = sgn{k}kF − k ∈ [−2kF, kF] ; [−kF, 2kF] .
ζs(k) = −1 +
∑
ι=±1
(
ι
2ξc
+ Φc,s(ι2kF, q
′)
)2
k ∈ [−kF, kF] and q′ = −k ∈ [−kF, kF] . (10)
At zero spin density, the entries of the conformal-field
theory dressed-charge matrix Z and corresponding ma-
trix (Z−1)T can be alternatively expressed in terms of
pseudofermion phase shifts in units of 2pi and of the re-
lated parameters ξc and ξs, as given in supplementary
Equations (7) and (8), respectively. (Here we use the
dressed-charge matrix definition of Ref. [37], which is
the transposition of that of Ref. [43].) Conversely, the
pseudofermion phase shifts with both momenta at the
Fermi points can be expressed in terms of only the charge
TLL parameter Kc = ξ
2
c/2 and spin TLL parameter
Ks = ξ
2
s/2
43 and thus of the present related β = c, s
parameters ξβ =
√
2Kβ . Specifically,
2piΦβ,β′(ι qFβ , qFβ′) = ι 2piΦβ,β′(qFβ , ι qFβ′)
=
pi (ξβ − 1)2
ξβ
for β = β′ , ι = +1 ,
= −pi (ξ
2
β − 1)
ξβ
for β = β′ , ι = −1 ,
= (−ι)δβ,s pi
2
ξβ for β 6= β′ , ι = ±1 . (11)
Here β = c, s and β′ = c, s.
The two sets of two coupled integral equations, sup-
plementary Equations (1)-(2) and (5)-(6), respectively,
that one must solve to reach the momentum dependence
of the exponents, Eq. (10), have no simple analytical
solution. Within our study, these equations are solved
by exact numerical methods. The exponents found from
such a numerical solution are plotted as a function of the
momentum k in Figs. 5 (a), (b) and (c) (dashed-dotted
lines) for U/t = 0.8, t = 0.58 eV and electronic density
n = 2/3. The c and s exponent expressions in Eq. (10)
are not valid at the low-energy limiting values k = ±kF.
In the present zero spin-density case, the spin SU(2)
symmetry implies that the parameter ξs appearing in
Eq. (11) is u independent and reads ξs =
√
2. The
parameter ξc in Eqs. (10) and (11) is in turn given by
ξc = f(sinQ/u) where the function f(r) is the unique
solution of the integral equation given in the supplemen-
tary Equation (9) whose kernel D(r) is defined in supple-
mentary Equation (10). The parameter ξc ∈ [1,
√
2] has
limiting values ξc =
√
2 for u→ 0 and ξc = 1 for u→∞.
This is why for the 1D Hubbard model the exponent in
the low-ω power law dependence of the electronic density
of states suppression |ω|α0 ,
α0 =
(1−Kc)2
4Kc
=
(2− ξ2c )2
8ξ2c
∈ [0, 1/8] , (12)
has corresponding limiting values α0 = 0 for u → 0 and
α0 = 1/8 for u→∞.
The c pseudofermion phase shifts 2piΦc,c(ι2kF, q) for
q ∈ [−2kF, 2kF] and 2piΦc,s(ι2kF, q′) for q′ ∈ [−kF, kF]
that determine the momentum dependence of the expo-
nents in Eq. (10) are beyond the reach of the TTL. Such
exponents also involve the s pseudofermion phase shifts
2piΦs,c(ιkF, q) and 2piΦs,s(ιkF, q
′). Due to the spin SU(2)
symmetry, at zero spin density the latter phase shifts are
u independent. They are given in the supplementary
Equations (14) and (15). Their values provided in these
equations have been accounted for in the derivation of
the exponents expressions in Eq. (10) and contribute to
them.
The c pseudofermion phase shifts explicitly appearing
in the exponents expressions, Eq. (10), can be writ-
ten as 2piΦc,c (ι2kF, q) = 2piΦ¯c,c (ι sinQ/u, sin k(q)/u)
and 2piΦc,s (ι2kF, q
′) = 2piΦ¯c,s (ι sinQ/u,Λ(q′)/u) where
the parameters ±Q = k(±2kF) define the c pseud-
ofermion Fermi points in rapidity space. The corre-
sponding general c pseudofermion phase shifts are given
by 2piΦc,c (q, q
′) = 2piΦ¯c,c (sin k(q)/u, sin k(q′)/u) and
2piΦc,s (q, q
′) = 2piΦ¯c,s (sin k(q)/u,Λ(q′)/u) where the re-
lated rapidity phase shifts 2piΦ¯c,c(r, r
′) and 2piΦ¯c,s(r, r′)
are the unique solutions of the integral equations given
in the supplementary Equations (11) and (12). The free
term D0(r) of the former integral equation is provided in
supplementary Equation (13).
One finds from manipulations of integral equations
that the energy dispersions εc(q) and εs(q), Eq. (8), can
9be expressed exactly in terms of the c pseudofermion ra-
pidity phase shifts as follows,
εc(q) = ε
0
c(q)− ε0c(2kF) ,
ε0c(q) = −2t cos k(q)
+
t
pi
∫ Q
−Q
dk 2piΦ¯c,c
(
sin k
u
,
sin k(q)
u
)
sin k , (13)
and
εs(q
′) = ε0s (q
′)− ε0s (kF) ,
ε0s (q
′) =
t
pi
∫ Q
−Q
dk 2piΦ¯c,s
(
sin k
u
,
Λ(q′)
u
)
sin k , (14)
respectively. Here k = k(q) and Λ = Λ(q′) are the
momentum rapidity function and spin rapidity function,
respectively, considered above.
Description of the finite-range interactions
within our method. Below it is confirmed that except
for the effective U value the energy dispersions, Eqs.
(13) and (14), are not affected by the renormalisation
that accounts for the short-range interactions. As re-
ported above, the effective value U = 0.8 t is determined
by the ratio Wh/Ws of the experimentally observed c
band (holon) and s band (spinon) energy bandwidths
Wh = εc(2kF) − εc(0) and Ws = εs(kF) − εc(0), re-
spectively. Indeed, within the 1D Hubbard model the
Wh/Ws value only depends on U/t and the electronic
density n. For n = 2/3 the agreement with the observed
energy bandwidths is then found to be reached for
U/t = 0.8.
However, the renormalisation fixes the effective U
value yet does not affect t. This is due to symmetry im-
plying that within the 1D Hubbard model the full c band
energy bandwidth εc(pi)− εc(0) is independent of U and
n and exactly reads 4t. That energy bandwidth can be
written as Wh + Wc = 4t where for the present metal-
lic phase the energy bandwidth Wc = εc(pi) − εc(2kF)
is finite. Within our pseudofermion representation, Wh
and Wc are the c band filled and unfilled, respectively,
ground-state Fermi sea energy bandwidths. Again, the
value of the ratio Wh/Wc only depends on U/t and the
electronic density n. Accounting for the Wh/Wc value at
U/t = 0.8 and n = 2/3 together with the exact relation
Wh + Wc = 4t one finds from analysis of Figs. 5 (d)-(f)
that t ≈ 0.58 eV for the MoSe2 1D quantum-line defects.
Such defects experimental uncertainty interval α ∈
[0.75, 0.80] of the exponent that controls the low-ω elec-
tronic density of states suppression |ω|α is outside the
corresponding 1D Hubbard model range, Eq. (12).
Hence the U = 0.8 t value obtained from matching the
corresponding ARPES cusps lines spectra with those of
the 1D Hubbard model for electronic density n = 2/3
refers to an effective interaction having contributions
both from electron onsite and finite-range interactions.
In addition to the interaction U renormalisation, both
the parameter ξc and the corresponding c pseudofermion
phase shifts 2piΦc,β′(ι2kF, qFβ′) in Eq. (11) where β
′ =
c, s whose expressions involve ξc undergo a second renor-
malisation. It is such that ξc is replaced by a parameter
ξ˜c associated with α values in the range α ∈ [α0, αmax].
The universality referring to low-energy values in the
vicinity of the c and s bands Fermi points implies that
for the non-integrable model with finite-range interac-
tions the relation α0 = (2 − ξ2c )2/8ξ2c given in Eq. (12)
remains having the same form for α ∈ [α0, αmax] and
ξ˜c ∈ [1/2, ξc], so that,
α =
(2− ξ˜2c )2
8ξ˜2c
; ξ˜c =
√
2
(
1 + 2α− 2
√
α(1 + α)
)
.
(15)
(The first equation other mathematical solution, ξ˜c =√
2(1 + 2α+ 2
√
α(1 + α)), is not physically acceptable.)
On the one hand, the spin SU(2) symmetry imposes
that the values of the U/t-independent parameter ξs =√
2 and s pseudofermion phase shifts 2piΦs,β′(ιkF, qFβ′)
in Eq. (11) where β′ = c, s remain unchanged for
the model with finite-range interactions. On the other
hand, the general relations, Eq. (11), are universal so
that for that model corresponding to any α value in the
range α ∈ [α0, αmax] the c pseudofermion phase shifts
2piΦc,β′(ι2kF, qFβ′) are for β
′ = c, s given by,
2piΦ˜c,c(ι2kF, 2kF) = ι 2piΦ˜c,c(2kF, ι2kF)
=
pi (ξ˜c − 1)2
ξ˜c
for ι = +1 ,
= −pi (ξ˜
2
c − 1)
ξ˜c
for ι = −1 ,
2piΦ˜c,s(ι2kF, kF) = ι 2piΦ˜c,s(2kF, ιkF)
=
pi
2
ξ˜c for ι = ±1 . (16)
The universality on which our scheme relies refers both
to the low-energy TLL limit and to energy windows near
the high-energy c, c′ and s branch-lines singularities.
The expression of the exponents that control the spec-
tral function behaviour at low energy and in the vicin-
ity of such singularities only involves the phase shifts of
c and s pseudofermions with momenta at their Fermi
points q = ±2kF and q′ = ±kF, respectively. On the
one hand, as result in part of the spin SU(2) symmetry,
at zero spin density the general s pseudofermion phase
shifts 2piΦ˜s,s(q
′, q) and 2piΦ˜s,c(q′, q) remain unchanged
for their whole momentum intervals. On the other hand,
the general phase shifts 2piΦ˜c,c(q, q
′) and 2piΦ˜c,s(q, q′) of
c pseudofermions whose momenta have absolute values
|q| < 2kF inside the c band Fermi sea contribute neither
to the TLL low-energy spectral function expression nor
to the high-energy branch-lines exponents. Consistently,
similarly to the s pseudofermion phase shifts 2piΦ˜s,s(q
′, q)
and 2piΦ˜s,c(q
′, q), they remain unchanged upon increas-
ing α from α = α0.
Hence the main issue here is the renormalisation of
phase shifts of c pseudofermions with momenta at the
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Fermi points, 2piΦ˜c,c(ι2kF, q) and 2piΦ˜c,s(ι2kF, q
′) for
ι = ±1. Multiplying 2piΦ˜c,c(ι2kF, q) and 2piΦ˜c,s(ι2kF, q′)
by the phase factor −1 gives the phase shifts acquired
by the c pseudofermions of momenta q = ι2kF = ±2kF
upon scattering off one c band hole (holon) created un-
der a transition to an excited state at any momentum
q in the interval q ∈ [−2kF, 2kF] and one s band hole
(spinon) created at any momentum q′ in the domain q′ ∈
[−kF, kF], respectively. The overall phase-shift renormal-
isation must preserve the c pseudofermion phase-shifts
values given in Eq. (16) for (i) q = ι2kF = ±2kF and
(ii) q′ = ιkF = ±kF. Hence it introduces suitable factors
multiplying 2piΦc,c(ι2kF, q) and 2piΦc,s(ι2kF, q
′). In the
case of 2piΦ˜c,c(ι2kF, q), this brings about a singular be-
haviour at q = −ι2kF for α > α0 similar to that in the
s pseudofermion phase shift 2piΦs,s(ιkF, q
′) at q′ = ιkF,
supplementary Equation (15), for the conventional 1D
Hubbard model, which remains having the same values
for the renormalised model.
The c and s pseudofermion phase shifts of the 1D Hub-
bard model with electron finite-range interactions are for
the whole range α ∈ [α0, αmax] thus of the general form,
2piΦ˜c,c(q, q
′) = 2piΦc,c(q, q′) for q 6= ι2kF , ι = ±1 ,
2piΦ˜c,c(ι2kF, q
′) =
ξc
ξ˜c
(ξ˜c − 1)(ξ˜c − (−1)δq′,−ι2kF )
(ξc − 1)(ξc − (−1)δq′,−ι2kF )
× 2piΦc,c(ι2kF, q) for ι = ±1 ,
2piΦ˜c,s(q, q
′) = 2piΦc,s(q, q′) for q 6= ι2kF , ι = ±1 ,
2piΦ˜c,s(ι2kF, q
′) =
ξ˜c
ξc
2piΦc,s(ι2kF, q
′) for ι = ±1 ,
2piΦ˜s,s(q
′, q) = 2piΦs,s(q′, q) ,
2piΦ˜s,c(q
′, q) = 2piΦs,c(q′, q) . (17)
Our theoretical results refer to the thermodynamic
limit at T = 0. In that case the phase-shifts renormalisa-
tion, Eq. (17), only affects those of the c pseudofermion
scatterers with momentum values ±2kF corresponding to
the zero-energy Fermi level. Note however that the corre-
sponding c and s pseudofermion scattering centers have
momenta q ∈ [−2kF, 2kF] and q′ ∈ [−kF, kF], respec-
tively, that correspond to a large range of high-energy
values. At finite temperature T ≈ 300 K one has that
kB T ≈ 0.045 t where t ≈ 0.58 eV is within the present
theoretical description the transfer integral value suit-
able for the MoSe2 1D quantum-line defects. The deriva-
tion of some of the theoretical expressions involves a
T = 0 c band momentum distribution that reads one
for |q| < 2kF and zero for 2kF < |q| < pi. At finite tem-
perature T ≈ 300 K, such a distribution is replaced by a
c pseudofermion Fermi-Dirac distribution. This implies
for instance that the q = ±2kF c pseudofermion phase-
shift renormalisation in Eq. (17) is extended from the
zero-energy Fermi level to a small region of energy band-
width 0.045 t ≈ 0.026 eV near the c band Fermi points
q = ±2kF. This refers to a corresponding small region
with the same energy bandwidth near the physical Fermi
points k = ±kF in Fig. 5 (d), (e) and (f). Interest-
ingly, finite-size effects have at T = 0 the similar effect of
slightly enhancing the energy bandwidth of the c pseud-
ofermion phase shifts renormalisation, Eq. (17), in the
very vicinity of the zero-energy Fermi level. Hence any
small finite temperature and/or the system finite size re-
move/s the singular behaviour of the phase-shifts renor-
malisation being restricted to the zero-energy Fermi level.
Fortunately, both the finite size of the MoSe2 1D
quantum-line defects and the experimental temperature
≈ 300 K lead though to very small effects, as con-
firmed by the quantitative agreement reached between
the T = 0 theoretical results associated with the 1D
Hubbard model with electron finite-range interactions
and the experimental data. Hence for simplicity in the
following we remain using our T = 0 theoretical analysis
in terms of that model in the thermodynamic limit.
Spectral function accounting for finite-range
interactions. For energy windows corresponding to
small γ = c, c′, s energy deviations (ωγ(k) − ω) > 0
from the high-energy branch-line spectra ωγ(k) given
in Eqs. (5)-(7), which as confirmed below remain
unchanged upon increasing α from α0, the general
form of the electron removal spectral function, Eq. (9),
and corresponding exponent, Eq. (10), prevails for the
model with finite-range interactions corresponding to
α ∈ [α0, αmax]. Hence for these energy windows that
spectral function has the same universal form as in Eq.
(9),
B(k, ω) ∝ (ωγ(k)− ω)ζ˜γ(k) for γ = c, c′, s . (18)
Both within the PDT (α = α0) and RPDT (α > α0),
most of the one-electron spectral weight is located in the
(k, ω)-plane at and near the singular branch lines. Those
refer to the k ranges of the γ = c, c′, s branch lines for
which the corresponding exponent ζ˜γ(k) in Eq. (18) is
negative. For further information on the validity of the
spectral functions expressions, Eqs. (9) and (18), and
the definition of some quantities used in our theoretical
analysis, see supplementary Note 3.
We start by confirming that the c and s pseud-
ofermion energy dispersions in the expressions of the
γ = c, c′, s branch-lines spectra ωγ(k), Eqs. (5)-(7), re-
main unchanged. This follows from the behaviour of
the phase shifts appearing in these pseudofermion en-
ergy dispersions expressions, Eqs. (13) and (14). In the
case of the conventional 1D Hubbard model, the inte-
gral
∫ Q
−Q dk over the rapidity momentum k in the in-
tegrand rapidity phase shifts 2piΦ¯c,c (sin k/u, sin k(q)/u)
and 2piΦ¯c,s (sin k/u,Λ(q
′)/u) of Eqs. (13) and (14) can
be transformed into a momentum integral
∫ 2kF
−2kF dq
′′ over
the whole c band Fermi sea with the integration mo-
mentum q′′ ∈ [−2kF, 2kF] appearing in corresponding in-
tegrand c pseudofermion phase shifts 2piΦc,c(q
′′, q) and
2piΦc,s(q
′′, q′), respectively.
Under the electron finite-range interactions renormal-
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isation, the latter phase shifts become 2piΦ˜c,c(q
′′, q) and
2piΦ˜c,s(q
′′, q′), respectively, as defined in Eq. (17).
As given in that equation, the latter c pseudofermion
phase shifts are only renormalised at the Fermi points,
q′′ = ±2kF. Hence such phase shifts renormalised val-
ues refer only to the limiting values of the integra-
tion
∫ 2kF
−2kF dq
′′. The phase-shift contributions associated
with such limiting momentum values −2kF and +2kF
have in the thermodynamic limit vanishing measure rel-
ative to the phase-shift contributions from the range
−2kF < q′′ < 2kF in
∫ 2kF
−2kF dq
′′. For |q′′| < 2kF the phase
shifts 2piΦ˜c,c(q
′′, q) and 2piΦ˜c,s(q′′, q′) remain unchanged,
see Eq. (17). Hence the energy dispersions εc(q) =
ε0c(q) − ε0c(2kF), Eq. (13), and εs(q) = ε0s (q) − ε0s (kF),
Eq. (14), remain as well unchanged. The same thus ap-
plies to the γ = c, c′, s spectra ωγ(k), Eqs. (5)-(7), in the
spectral function expression, Eq. (18).
In contrast, one finds from the combined use of Eqs.
(10) and (17) that for the model with finite-range in-
teractions the momentum dependent exponents in that
expression are renormalised. For U/t > 0, electronic den-
sities n ∈ [0, 1] and α ∈ [α0, αmax] they are given by,
ζ˜c(k) = −1
2
+
∑
ι=±1
(
ξ˜c
4
+ sgn{k}Φ˜c,c(ι2kF, q)
)2
k = ∈ [−kF, kF] ,
q = −sgn{k}kF − k ∈ [−2kF,−kF] ; [kF, 2kF] ,
ζ˜c′(k) = −1
2
+
∑
ι=±1
(
ξ˜c
4
− sgn{k}Φ˜c,c(ι2kF, q)
)2
k = ∈ [−3kF, 3kF] ,
q = sgn{k}kF − k ∈ [−2kF, kF] ; [−kF, 2kF] .
ζ˜s(k) = −1 +
∑
ι=±1
(
ι
2ξ˜c
+ Φ˜c,s(ι2kF, q
′)
)2
k ∈ [−kF, kF] and q′ = −k ∈ [−kF, kF] . (19)
Plotting the momentum dependence of these expo-
nents requires again the use of exact numerical meth-
ods to solve the corresponding sets of coupled integral
equations. The momentum dependences found from that
exact numerical solution are plotted in Fig. 7 as a func-
tion of the momentum k for U/t = 0.8, t = 0.58 eV,
n = 2/3 and representative α values α = α0 ≈ 1.4×10−3,
α = 0.70, α = 0.7835 ≈ 0.78 and α = 0.85. Their choice
is confirmed below to be suitable for the discussion of the
relation between the theoretical results and the observed
spectral features.
The physics associated with the α range α ∈ [α0, 1/8]
is qualitatively different from that corresponding to α ∈
[1/8, αmax]. Note that at α = 1/8 and thus ξ˜c = 1 the
c pseudofermion phase shift 2piΦ˜c,c(ι2kF, q) in Eq. (17)
exactly vanishes. This vanishing marks the transition
between the two physical regimes. The c pseudofermion
phase shift 2piΦc,c(ι2kF, q) of the conventional 1D Hub-
bard model also vanishes in the limit of infinity onsite
repulsion in which α0 = 1/8. Increasing α from α = α0
within the interval α ∈ [α0, 1/8] indeed increases the ac-
tual onsite repulsion, which for α > α0 is not associated
anymore with the renormalised model constant effective
U value. In addition, it introduces electron finite-range
interactions. On the one hand, in that α interval the
effects on the γ = c, c′, s exponents, Eq. (19), of increas-
ing α are controlled by the increase of the actual onsite
repulsion. On the other hand, as α changes within the
interval α ∈ [α0, 1/8] the fixed effective U value accounts
for both effects from the actual onsite interaction and
emerging finite-range interactions. It imposes that the c
and s pseudofermion energy dispersions in Eqs. (13) and
(14) remain as for that U value. This means that the
effects of increasing the actual onsite repulsion due to in-
creasing α are on the matrix elements of the electron an-
nihilation operator between energy eigenstates that con-
trol the branch-lines exponents, Eq. (19), and thus the
spectral weights.
For U/t = 0.8, t = 0.58 eV and n = 2/3 the c, c′
and s branch-lines exponents, Eq. (19), corresponding
to α = 1/8 are represented in Fig. 7 (a), (b) and
(c), respectively, by the dotted lines. The changes in
these exponents caused by increasing the α value from
α0 to 1/8 relative to the exponents curves given for the
α0 ≈ 1.4× 10−3 conventional 1D Hubbard model in that
figure are qualitatively similar to those originated by in-
creasing U/t from 0.8 to infinity within the latter model.
Such an increase also enhances α0 from α0 ≈ 1.4× 10−3
to 1/8. The main difference relative to the conventional
1D Hubbard model is that the c and s pseudofermion
energy dispersions remain unchanged upon increasing α.
Comparison of the momentum intervals of the γ = c, c′, s
branch lines for which the exponents, Eq. (19), are nega-
tive for α ∈ [α0, 1/8] with those in which there are cusps
in the experimental dispersions of Figs. 5 (e) and (f)
reveals that there is no agreement between theory and
experiments for that α range.
Further increasing α within the interval α ∈]1/8, αmax]
corresponds to a different physics. The changes in the
branch-lines exponents, Eq. (19), are then mainly due
to the increasing effect of the electron finite-range in-
teractions upon increasing α. It leads in general to a
corresponding increase of the three γ = c, c′, s exponents
ζ˜γ(k), Eq. (19). For U/t = 0.8, t = 0.58 eV, n = 2/3 and
both α ∈]1/8, 0.75] and α ∈ [0.78, αmax] the momentum
intervals of the γ = c, c′, s branch lines for which these
exponents are negative do not agree to those for which
there are cusps in the MoSe2 1D quantum-line defects
measured spectral function. In order to illustrate the α
dependence of the γ = c, c′, s branch lines exponents, Eq.
(19), their k dependence has been plotted in Fig. 7 for
the set of representative α values α = α0 ≈ 1.4 × 10−3,
α = 0.70, α = 0.7835 ≈ 0.78 and α = 0.85.
The following analysis refers again to the values U/t =
0.8, t = 0.58 eV and n = 2/3 associated with the MoSe2
1D quantum-line defects. For α < 0.75 the momentum
width of the γ = c′ branch line k range for which its
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exponent ζ˜c′(k) is negative is larger than that of the ex-
perimental dispersion shown in Figs. 5 (e) e (f) near
the corresponding excitation energy ≈ 0.95 meV. Upon
increasing α from α = 0.75, the γ = c′ branch line mo-
mentum width for which ζ˜c′(k) is negative continuously
decreases, vanishing at α = 0.7835 ≈ 0.78. Comparison
of the momentum ranges for which the exponents plotted
in Fig. 7 are negative with those in which there are cusps
in the experimental dispersions of Figs. 5 (e) e (f) reveals
that there is quantitative agreement for α ∈ [0.75, 0.78].
Further increasing α from α = 0.78 leads to a c branch
line momentum width around k = 0 in which the ex-
ponent ζ˜c(k) becomes positive. This disagrees with the
observation of experimental cusps near the excitation en-
ergy ≈ 0.85 meV around k = 0 and for decreasing energy
along the c branch line upon further increasing α.
That there is quantitative agreement between the-
ory and the experiments for α ∈ [0.75, 0.78] is fully
consistent with the corresponding α uncertainty range
α ∈ [0.75, 0.80] found independently from the DOS sup-
pression experiments. The momentum dependence of
the γ = c, c′, s branch lines exponents corresponding to
α = 0.78 is represented by full lines in Figs. 5 (a), (c)
and (d) for U = 0.8 t, t = 0.58 eV and electronic density
n = 2/3.
As for the exponents expressions, Eq. (10), those of the
c and s branch-line exponents given in Eq. (19) are not
valid at the low-energy limiting values k = ±kF. While
in the thermodynamic limit this refers only to k = ±kF,
for the finite-size MoSe2 1D quantum-line defects it may
refer to two small low-energy regions in the vicinity of
k = ±kF. Both this property and the positivity of the s
branch exponent for α ∈ [0.75, 0.78] in these momentum
regions are consistent with the lack of low-energy cusps
in the ARPES data shown in Fig. 5 (e) and (f).
We have calculated the k and ω dependence of the
spectral function expression of the 1D Hubbard model
with finite-range interactions near the c and s branch
lines in the momentum ranges for which they display
cusps, Eq. (18). If one goes away from the (k, ω)-
plane vicinity of these lines, one confirms that both such
a model spectral function and that of the conventional
1D Hubbard model have the broadening discussed in the
supplementary Note 2.
For a short discussion on whether the RPDT is useful
to extract information beyond that given by the con-
ventional 1D Hubbard model and corresponding PDT
about the physics of quasi-1D metals and a comparison
of the PDT and RPDT theoretical descriptions of the
line defects in MoSe2, see the supplementary Note 4.
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1 Wen X.G. Electrodynamical properties of gapless edge ex-
citations in the fractional quantum Hall states. Phys. Rev.
Lett. 64, 2206-2209 (1990).
2 Stone, M. Vertex operators in the quantum Hall effect.
InT. J. Mod. Phys. B 5, 509-527 (1990).
3 Mourik, V., Zuo, K., Frolov, S. M., Plissard, S. R.,
Bakkers, E. P. A. M., Kouwenhoven, L. P. Signa-
tures of Majorana fermions in hybrid superconductor-
semiconductor nanowire devices. Science 336, 1003-1007
(2012).
4 Kitaev, A. Y. Unpaired Majorana fermions in quantum
wires. Phys. Usp. 44, 131-136 (2001).
5 Orgad, D., Kivelson, S. A., Carlson, E.W., Emery, V. J.,
Zhou, X. J., Shen, Z. X. Evidence of electron fractionaliza-
tion from photoemission spectra in the high temperature
superconductors. Phys. Rev. Lett. 86, 4362-4365 (2001).
6 Ohtsubo, Y., Kishi, J., Hagiwara, K., Le Fe`vre, P.,
Bertran, F., Taleb-Ibrahimi, A., Yamane, H., Ideta, S.,
Matsunami, M., Tanaka, K., Kimura S. Surface Tomonaga-
Luttinger-Liquid State on Bi/InSb(001). Phys. Rev. Lett.
115, 256404 (2015).
7 Segovia, P., Purdie, D., Hengsberger, M., Baer, Y. Ob-
servation of spin and charge collective modes in one-
dimensional metallic chains. Nature 402, 504-507 (1999).
8 Claessen, R., Sing, M., Schwingenschlgel, U., Blaha, P.,
Dressel, M., Jacobsen, C.S. Spectroscopic Signature of
Spin-Charge Separation in the quasi-one-dimensional or-
ganic conductor TTF-TCNQ. Phys. Rev. Lett. 88, 096402
(2002).
9 Sing, M., Schwingenschlo¨gl, U., Claessen, R., Blaha,
P., Carmelo, J. M. P., Martelo, L. M., Sacramento, P.
D., Dressel, M., Jacobsen, C. S. Electronic structure of
the quasi-one-dimensional organic conductor TTF-TCNQ.
Phys. Rev. B 68, 125111 (2003).
10 Zwick, F., Je´rome, D., Margaritondo, G., Onellion, M.,
Voit, J., Grioni, M. Band mapping and quasiparticle sup-
pression in the one-dimensional organic conductor TTF-
TCNQ. Phys. Rev. Lett. 81, 2974-2977 (1998).
11 Haldane, F.D.M. Luttinger liquid theory of one-
dimensional quantum fluids: I. Properties of the Luttinger
model and their extension to the general 1D interacting
spinless Fermi gas. J. Phys. C: Solid State Phys. 14, 2585-
2609 (1981).
12 Voit, J. One-dimensional fermi liquids. Rep. Prog. Phys.
58, 977-1116 (1995).
13 Imambekov, A., Schmidt, T. L., Glazman, L. I. One-
dimensional quantum liquids: Beyond the Luttinger liquid
paradigm. Rev. Mod. Phys. 84, 1253-1306 (2012).
14 Zou, X., Liu, Y., Yakobson, B.I. Predicting dislocations
and grain boundaries in two-dimensional metal-disulfides
from first principles. Nano Lett. 13, 253-258 (2013).
15 Lehtinen, O., Komsa, H.-P., Pulkin, A., Whitwick,
M.B., Chen, M.-W., Lehnert, T., Mohn, M.J., Yazyev,
O.V., Kis, A., Kaiser, U., Krasheninnikov, A.V. Atomic
Scale Microstructure and Properties of Se-Deficient Two-
Dimensional MoSe2. ACS Nano 9, 3274-3283 (2015).
16 Schlappa, J., Wohlfeld, K., Zhou, K. J., Mourigal, M.,
Haverkort, M. W., Strocov, V. N., Hozoi, L., Monney, C.,
13
Nishimoto, S., Singh, S., Revcolevschi, A., Caux, J.-S.,
Patthey, L., Rønnow, H. M., Brink, J. van den, Schmitt, T.
Spinorbital separation in the quasi-one-dimensional Mott
insulator Sr2CuO3. Nature 485, 82-86 (2012).
17 Kim, B.J., Koh, H., Rothenberg, E., Oh, S.-J., Eisaki,
H., Motoyama, N., Uchida, S., Tohyama, T., Maekawa, S.,
Shen, Z.-H., Kim, C. Distinct spinon and holon dispersions
in photoemission spectral functions from one dimensional
SrCuO2. Nature Phys. 2, 397-401 (2006).
18 Auslaender, O.M., Steinberg, H., Yacoby, A., Tserkovnyak,
Y., Halperin, B.I., Baldwin, K.W., Pfeiffer, L.N., West,
K.W. Spin-charge separation and localization in one di-
mension. Science 308, 88-92 (2005).
19 Kim, C., Matsuura, A. Y., Shen, Motoyama, N., Eisaki,
H., Uchida, S.,Tohyama, T., Maekawa, S. Observation of
spin-charge separation in one-dimensional SrCuO2. Phys.
Rev. Lett. 77, 4055-4057 (1996).
20 Losio, R., Altmann, K.N., Kirakosian, A., Lin, J.-L.,
Petrovykh, D.Y., Himpsel, F.J. Band Splitting for Si(557)-
Au: Is It Spin-Charge Separation? Phys. Rev. Lett. 86,
4632-4636 (2001).
21 Ahn, J.R., Yeom, H.W., Yoon, H.S., Lyo, I.W. Metal-
insulator transition in Au atomic chains on Si with two
proximal bands. Phys. Rev. Lett. 91, 196403 (2003).
22 Weitering, H. One-dimensional metals: Luttingers wake.
Nature Phys. 7, 744-745 (2011).
23 Benthien, H., Gebhard, F., Jeckelmann, E. Spectral func-
tions in the one-dimensional Hubbard model away from
half-filling. Phys. Rev. Lett. 92, 256401 (2004).
24 Carmelo, J. M. P. Penc, K., Bozi, D. Finite-energy
spectral-weight distributions of a 1D correlated metal.
Nucl. Phys. B 725, 421-466 (2005); Nucl. Phys. B 737,
351 (2006), Erratum.
25 Carmelo, J. M. P., Penc, K., Sacramento, P. D., Sing, M.,
Claessen, R. The Hubbard model description of the TCNQ
related singular features in photoemission of TTF-TCNQ.
J. Phys.: Condens. Matter 18 51915212 (2006).
26 Carmelo, J. M. P., Bozi, D., Penc, K. Dynamical functions
of a 1D correlated quantum liquid. J. Phys.: Condens.
Matter 20, 415103 (2008).
27 Carmelo, J. M. P., Cˇadezˇ, T. One-electron singular spectral
features of the 1D Hubbard model at finite magnetic field.
Nucl. Phys. B 914, 461-552 (2017).
28 Imambekov, A., Glazman, L. I. Universal theory of non-
linear Luttinger liquids. Science 323, 228-231 (2009).
29 Schulz, H.J. Correlation exponents and the metal-insulator
transition in the one-dimensional Hubbard Model. Phys.
Rev. Lett. 64, 2831-2834 (1990).
30 van der Zande, A.M., Huang, P.Y., Chenet, D.A., Berkel-
bach, T.C., You. Y.M., Lee, G,-H., Heinz, T.F., Reichman,
D.R., Muller, D.A., Hone, J.C. Grains and grain bound-
aries in highly crystalline monolayer molybdenum disul-
phide. Nature Mater. 12, 554-561 (2013).
31 Najmaei, S., Liu, Z., Zhou, W., Zou, X., Shi, G., Lei, S.,
Yakobson, B.I., Idrobo, J.C., Ajayan, P.M., Lou J. Vapour
phase growth and grain boundary structure of molybde-
num disulphide atomic layers. Nature Mater. 12, 754-759
(2013).
32 Lin, J., Pantelides, S.T. , Zhou, W. Vacancy induced
formation and growth of inversion domains in transition-
metal dichalcogenide monolayer. ACS Nano 9, 5189-5197
(2015).
33 Liu, H., Zheng, H., Yang, F., Jiao, L., Chen, J., Ho,
W., Gao, C., Jia, J., Xie, M. Line and point defects in
MoSe2 bilayer studied by scanning tunnelling microscopy
and spectroscopy. ACS Nano 9, 6619-6625 (2015).
34 Liu, H., Jiao, L., Yang, F., Cai, Y., Wu, X., Ho, W., Gao,
C., Jia, J., Wang, N., Fan, H., Yao, W., Xie, M. Dense net-
work of one-dimensional midgap metallic modes in mono-
layer MoSe2 and their spatial undulations. Phys. Rev. Lett.
113, 066105 (2014).
35 Barja, S., Wickenburg, S., Liu, Z.-F., Zhang, Y., Ryu, H.,
Ugeda, M.M., Hussain, Z., Shen, Z.-X., Mo, S.-K., Wong,
E., Salmeron, M.B., Wang, F., Crommie, M.F., Ogletree,
D.F., Neaton, J.B., Weber-Bargioni, A. Charge density
wave order in 1D mirror twin boundaries of single-layer
MoSe2. Nature Phys. DOI: 10.1038/NPHYS3730 (2016).
36 Zhang, P., Richard, P., Qian, T., Xu, Y.-M., Dai, X., Ding
H. A precise method for visualizing dispersive features in
image plots. Rev. Sci. Instr. 82, 043712 (2011).
37 Carmelo, J. M. P., Martelo, L. M., Penc, K. The low-energy
limiting behaviour of the pseudofermion dynamical theory.
Nucl. Phys. B 737 237-260 (2006).
38 Blumenstein, C., Scha¨fer, J., Mietke, S., Meyer, S.,
Dollinger, A., Lochner, M., Cui, X.Y., Patthey, L.,
Matzendorf, R., Claessen, R. Atomically controlled quan-
tum chains hosting a Tomonaga-Luttinger liquid. Nature
Phys. 7, 776-780 (2011).
39 Scho¨nhammer, K., Meden, V. Correlation effects in pho-
toemission from low dimensional metals. J. Electron. Spec-
trosc. 62, 225-236 (1993).
40 Joynt, R. Pseudogaps and extrinsic losses in photoemission
experiments on poorly conducting solids. Science 284, 777-
779 (1999).
41 Ho¨vel, H., Grimm, B., Pollmann, M., Reihl, B. Cluster-
substrate interaction on a femtosecond time scale revealed
by a high-resolution photoemission study of the Fermi-level
onset. Phys. Rev. Lett. 81, 4608-4611 (1998).
42 Ishii, H., Kataura, H., Shiozawa, H., Yoshioka, H., Otsubo,
H., Takayama, Y., Miyahara, T., Suzuki1, S., Achiba, Y.,
Nakatake, M., Narimura, T., Higashiguchi, M., Shimada,
K., Namatame, H., Taniguchi, M. Direct observation of
Tomonaga-Luttinger-liquid state in carbon nanotubes at
low temperatures. Nature 426, 540-544 (2003).
43 Pham, K.-V., Gabay, M., Lederer P. Fractional excita-
tions in the Luttinger liquid. Phys. Rev. B 61, 16397-16422
(2000).
44 Essler, F. H. L. Threshold singularities in the one-
dimensional Hubbard model. Phys. Rev. B, 81, 205120
(2010).
45 Seabra, L., Essler, F. H. L., Pollmann, F., Schneider, I., Ve-
ness, T. Real-time dynamics in the one-dimensional Hub-
bard model. Phys. Rev. B 90, 245127 (2014).
46 Carmelo, J. M. P., Sacramento, P. D. Exponents of the
spectral functions and dynamical structure factor of the
1D Lieb-Liniger Bose gas. Ann. Phys. 369, 102-127 (2016).
47 Shastry, B. S. Infinite conservation laws in the one-
dimensional Hubbard model. Phys. Rev. Lett. 56, 1529-
1531 (1986).
48 Shastry, B. S. Exact integrability of the one-dimensional
Hubbard model. Phys. Rev. Lett. 56, 2453-2455 (1986).
Acknowledgments
The USF group acknowledges support from the National
Science Foundation (DMR-1204924). V.K., R.D. and
M.-H. P. acknowledges support from the Army Research
14
Office (W911NF-15-1-0626) and thank Prof. Hari
Srikanth for resistance measurements in his laboratory.
M.C.A., J.A. and C. C. thank enlightening exchanges
with Grabriel Kotliar and Zhi-Xun Shen. The Syn-
chrotron SOLEIL is supported by the Centre National de
la Recherche Scientifique (CNRS) and the Commissariat
a` l’Energie Atomique et aux Energies Alternatives
(CEA), France. T.Cˇ. and J.M.P.C. thank Eduardo
Castro, Hai-Qing Lin and Pedro D. Sacramento for il-
luminating discussions. The theory group acknowledges
the support from NSAF U1530401 and computational
resources from CSRC (Beijing), the Portuguese FCT
through the Grant UID/FIS/04650/2013, and the NSFC
Grant 11650110443.
Author Contributions
Y.M. and H.C.D. contributed equally to this work.
They both grew samples by MBE and characterized
them by STM. The ARPES data have been obtained
and analyzed by J.A., H.C.D., C.C. and M.C.A.. The
4-point transport measurements have been conducted
and discussed by R.D., V.K. and M.-H.P. . The project
has been conceived by M.B. and M.C.A. who directed its
experimental part. The theoretical description has been
conceived by J.M.P.C. and the corresponding theoretical
analysis was carried out by T.Cˇ. and J.M.P.C.. The
manuscript has been written by M.B., M.C.A. and
J.M.P.C.. All authors contributed to the scientific
discussion, contributed to and agreed on the manuscript.
Additional information
Supplementary information is available in the online
version of the paper. Correspondence and requests
for materials should be addressed to M.C.A. (ARPES
experiments), M.B. (STM, growth, 4-point probe) and
J.M.P.C. (theory).
Competing Financial Interests
The authors declare no competing financial interests.
15
FIG. 1: Defect structure of mirror twin grain boundaries (MTBs) in monolayer MoSe2. (a) Ball-and-stick model of
a MTB, indicating that the grain boundary is Se deficient. (b) Arrangements of the three equivalent MTB directions gives rise
to a cross-hatched grain boundary network. (c) Large-scale (150 nm × 110 nm) STM image of 1-2 monolayers of MoSe2 grown
by MBE on MoS2. The MTBs appear as bright lines forming a dense network of aligned line defects. In higher resolution images
shown in (d) the defect lines appear as two parallel lines. Imaging at room temperature allows resolving atomic corrugation
along these lines that are attributed to atom positions in the Se-rows adjacent to the defect line, as the overlay of the model
illustrates.
FIG. 2: Charge density wave (CDW) transition in MTBs. (a) STM images of a single MTB at low temperatures
(120 K) exhibit three times the periodicity than the atomic corrugation imaged at room temperature. In (b) a larger scale
low-T STM image and the corresponding cross-section along the indicated MTB is shown that measured the periodicity of the
CDW as ∼ 1.0 nm. The schematic in (c) illustrates the relationship between CDW period and nesting vector q = 2kF. Also
the opening of a band gap at kF is illustrated. Temperature dependent resistance measurements, shown in (d), indicate two
CDW transitions. The transitions at 235 K and 205 K correspond to incommensurate and commensurate CDW transitions,
respectively. Depending on the applied bias voltage we also observe a drop in resistance below the CDW transition temperatures,
which is attributed to CDW-sliding. The inset shows the control measurement on a bare MoS2 substrate and shows no
transitions.
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FIG. 3: ARPES measurement of k-space resolved electronic structure of MTBs. In (a) the band structure of a 1D
metal is schematically illustrated. The parabolic band disperses in the kx direction, which is the momentum vector along the
1D defect. The lack of periodicity in the ky direction causes the replication of the parabola forming a parabolic through and
thus the Fermi-surface consists of two parallel lines. In the case of the 3 equivalent directions of MTBs that are rotated by
120◦ with respect to each other, three Fermi-surfaces overlap to form the Fermi-surface illustrated in (b). The experimental
measurement of the Fermi-surface close to the center of the 2nd BZ using left and right circular polarized light is shown in (d).
By using linear polarized light photoemission from a specific MTB-orientation can be emphasized as shown in (c). The Band
dispersion E(k) is shown in (e) and (f) for the momentum slice indicated in (c). This momentum slice was chosen because it
lies outside of bands for the other two MTB orientations.
FIG. 4: Evaluation of the suppression of the density of states at the Fermi level according to TLL theory. The
suppression of the density of states of MTBs close to the Fermi-level compared to the density of states for a regular FL metal
(Au) is shown in (a), measured at room temperature (to avoid CDW transition). The density of states is obtained by plotting
the angle integrated photoemission intensity as a function of binding energy ω. The log plot in (b) indicates that the density
of states increases39 with ω0.8, as is shown in (c). The data are well fit with α = 0.75, but the variation of the fit with the
exponent is small and thus the uncertainty in α is estimated to be as large as ±0.05.
17
FIG. 5: Exponents momentum dependence and theoretical and experimental spectral lines. (a), (b) and (c) The
exponents that control the spectral function near the c, c′ and s branch lines, respectively, for U/t = 0.8, t = 0.58 eV and
electronic density n = 2/3 plotted as a function of k for the 1D Hubbard model with finite-range interactions corresponding
to α = 0.78 (full lines) and the conventional 1D Hubbard model for which α0 ≈ 1.4× 10−3 (dashed-dotted lines), respectively.
For the former model at α = 0.78 the c′ branch line exponent remains positive for all its k range whereas the ranges for which
the c and s branch lines exponents are negative coincide with the momentum intervals showing ARPES peaks in (e) and (f);
(d) The theoretical c, c′ and s branch line spectra plotted as a function of the momentum k for the 1D Hubbard model with
finite-range interactions corresponding to α = 0.78 whose full and dashed lines refer to momentum ranges with negative and
positive exponents, respectively; (e) Energy vs momentum (k//) along the Γ01K direction in the Brillouin zone, plus the same
theoretical lines as in (d). The broad spectral line and the spectral continuum between the s and c branch lines apparent in
(e) are consistent with the behaviour of 1D metals and our theoretical model, see Methods section and supplementary Note 2
for details. The results of applying a curvature procedure to the raw data36 on panel (e) are shown in panel (f), together with
the theoretically computed c, c′ and s branch lines.
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FIG. 6: ARPES analysis using EDC and MDC plots. (a) Raw ARPES data, (b) second derivative of data in panel (a),
(c) schematic description between the EDC shape and the lifetime, (d) MDC plots at different binding energies extracted from
panel (a) data and finally panel (e) shows EDC plots at different momentum (k) values indicated in panel (a) as yellow straight
lines.
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FIG. 7: Momentum dependence of spectral-function exponents.(a), (b) and (c): The c, c′ and s branch-lines exponents,
respectively, defined in Eq. (19) plotted as a function of the momentum k for U/t = 0.8, t = 0.58 eV, n = 2/3 and representative
α values α = α0 ≈ 1.4 × 10−3, α = 0.70, α = 0.7835 ≈ 0.78 and α = 0.85. In addition, the dotted lines refer to α = 1/8.
As justified in the text, for α ∈ [0.75, 0.78] the momentum ranges of the c, c′ and s branch lines for which such exponents are
negative coincide with those showing ARPES peaks in Fig. 5 (e) and (f).
